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Part I: One Dimension



Inelastic collisions

® Relative velocity reduced by 0<r <1

V1 — vy = —7(U1 — us) ? A

U1 U2

® Momentum is conserved
\

v1 + v2 = u1 + U ul/ \u2
® Energy is dissipated

1 — 7“2 , O O

AFE = (u1 — UQ) >

X

® | imiting cases

0 completely inelastic (AE = max)
1 elastic (AE = 0)



Inelastic collisions: symmetries

® Galliean invariance

UV — VT Vg
® Set average velocity is zero

(v) =0
® Scale invariance

v — YU
® Stationary solution

P(v) — vP(yv)



The inelastic Boltzmann equation

eCollisionrule r=1-2p p+qg=1 0<p<1/2
(ulv Uz) — (pul + qU2, Pu2 = C]ul)
® General collision rate

0 Maxwell molecules
K(vl,vg):\vl—vg\)‘ )\:{

1 Hard spheres
® Boltzmann equation (nonlinear and nonlocal)
6’P

// duy dus P(uy ) Pug) g — us|* [5(v — puy — qua) — 8(v — ug)

collision rate gain loss

Theory: non-linear, non-local
energy dissipation, no explicit forcing



The inelastic Boltzmann equation

0P (v)
ot

N // duy dug P(uy) P(ug)ur — ug|* [6(v — pur — qua) — 0(v — ug)]

collision rate gain loss

What is the solution of this equation!?
What is the nature of the velocity distribution?



The inelastic Maxwell Model (A=0)

0 Constant collision rate

ap // duy duz P (u) P(uz)|ur — uz|* [6(v — pur — qua) — (v — u2)]

EB, Krapivsky 00

o
Moments obey closed equations Carvile, Gamba 00

dT o o
T:<’02> E:—AQT )\nzl_p — (q

® [emperature decays exponentially with time
T = T() €_>\2t
® All energy is eventually dissipated

® Trivial steady-state

P(v) = d(v)



The Fourier transform

The Fourier transform F(k) = /dv " P (v, t)

Obeys closed, nonlinear, nonlocal equation Krup 67

OF (k
W) (k) = Fok)F(ah)
Scaling behavior, scale set by temperature
F(k,t)— f (ke_kt) A= %

Nonlinear differential equation

Az f(2) + f(2) = f(p2)f(gz)

Exact solution
f(z) = (14 |z))e ® EB, Krapivsky 00



Similarity solution

® Self-similar form
P(v,t) — e*p (ve)

® Obtained by inverse Fourier transform

( ) 2 1
p(w) =
T (1 +w?)
® Power-law tail
p(w) ~w™?

|. Self-similar solution

2. Power-law tail

Baldassari 02



Homogeneous cooling state:
temperature decay (A>0)

® Energy loss N Ay
1T~ (Av

® (Collision rate
At ~ 1/(Av)?

® Energy balance equation

dT’ dT
AL A2t al _  gita/2
dt (Av) — dt

® [emperature decays, system comes to rest

T ~ t=2/2 —  P(v) — 6(v)

Trivial stationary solution Haff 82



Homogeneous cooling states:
similarity solutions (A>0)

® Similarity solution
P(v,t) =t/ p(vt'/?)

® Scaling function: stretched exponential
p(w) ~ exp (—|w|*)

o Overpopulated (with respect to Maxwellian) tails

Esipov, Poeschel 97
Ernst, van Noije 97



Are there nontrivial stationary solutions!?

oStationary Boltzmann equation

aP // duydug P(u1) P(ug)ur — us|* [§(v — pus — qug) — 6(v — uy)]

collision rate gain loss

Naive answer: NO!

e According to the energy balance equation

dl’
dt
e Dissipation rate is positive

I'>0

= —I



Stationary solutions (A=0)

® Stationary solutions do exist!

F(k) = F(pk)F(qk)

® Family of exponential solutions, parametrized by vy
F (k) = exp(—|k|vo)

® | orentz/Cauchy distribution:

1 1

Plv) = g 1 4 (v/vg)?

Divergent energy, divergent dissipation rate
EB, Machta 04



Properties of stationary solution

Perfect balance between collisional loss and gain
Purely collisional dynamics (no source term)
Family of solutions: scale invariance v — v/vg
Power-law high-energy tail

Divergent energy, divergent dissipation rate!



Questions about stationary solutions

® How is a steady state consistent with dissipation!?

® Are these stationary solutions physical?

® How to simulate numerically?

® How to realize experimentally?

* A family of solutions: which one is selected by dynamics!?

The answers to all of these questions require
understanding dynamics of extreme velocities!



Extreme statistics

When v; — oo the binary collision process
(v1, v5) — (pv1 + avle, pria + qu1)
turns into the linear cascade process

v — (pv, qu)
Cascade: conserves momentum, dissipates energy,
doubles number of particles!

Linear Boltzmann equation for extreme velocities

B ) ()

Steady-state: power-law tail
Pv) ~ v~ 2




The linear Boltzmann equation

® For extreme velocities, double integral factorizes

OP(v)
ot

= //duldUQP(ul)P(u2)|u1 _'UJ2|)\ [5(U — puq _pu2) —5(’0—U1)]
N /d“<P(U<)/d“>P(U>)\U>!/\[5(U—PU>)+5(U-qu>>_5(”_“>)]
® Extreme velocities: linear but nonlocal equation
0P (v B! v 1 v |
t p p) q q

® Stationary solution: power-law distribution
P(v) ~ v 272

Stationary solution: always power-law
Hard spheres and Maxwell Molecules



Numerical solution

® Force constant energy

®|nject energy:
—At extremely large scales
—With extremely small rate
o[ ottery”’ implementation:
—Keep track of total energy dissipated, E+

—With small rate, boost one particle by Et



Lottery Monte Carlo simulation

o | %  |=— theory
0.3 P(v)_ﬂvol+(v/vo)2 [} | © simulation

, 02
0.1
= 4 50 54 a8
(9,

Excellent agreement between theory and simulation
Injection selects one solution with one particular v !!!



Injection, Cascade, Dissipation

In P(Jv])

A

In |v]

Experimental
realization?
Energetic particle
“shot” into static
medium

Energy balance

I_rvny2

*Energy is injected only at large velocity scales!
*Energy cascades from large velocities to small velocities
*Energy dissipated at small velocity scales




Energy balance

® Energy injection rate 7

® Energy injection scale V/

e Jypical velocity scale v

® Balance between energy injection and dissipation
Y~ VAV /09)* 7

® For “lottery” injection: injection scale diverges with

Injection rate

Vo 1/ (2=2) o<d+ 2
r—1/(e=d=A) o>d+2

Energy injection selects stationary solution



Hybrid solutions £8, Macha 05

® Suppose the system is stationary; then, we turn off
energy injection. The system will start cooling

® Hybrid solution

- Stationary at small velocities v < V()
- Self-similar at large velocities v > V' (t)

P(v,t) ~ v 2729 (vtl/)‘)
e Cutoff velocity decays following Haff law 1/ (¢) ~ ¢t~ 1/
® Scaling solution p=¢=1/2

O

O

p(x) = Z Ay, €XP [—(Z”x)A] iy = k];[l . Qi(n_k)
n=1 k#n

Hybrid between steady-state and time dependent state



Extreme statistics

® Scaling function
O

o0

¢(QZ‘) — Z Ay CXP [_(an))\} Un = H 1 _ 2/1\(n—k)

k=1
n=1 k+%n

® | arge velocities: stretched exponential (like free cooling)

d(x) ~ exp (—z) as T — 0O
® Small velocities: log-normal distribution
1 — ¢(x) ~ exp |[—(Inx)?] as r — 0
Hybrid between steady-state and time dependent state

Maxwell Model (A=0) only unsolved case!



Obtaining the scaling function (\=0,p=1/2)

e Substitute scaling form into linear equation
¢'(x) = 2[¢(2z) — ()]
® Use Laplace transform
(24 5)p(s) =1+ ¢(s/2) o) = [dre 600
® Make a further transformation

_ 1 oy L= o(s)
u(s) = 1+ 5/2 u(s/2) (5) =

® [terative solution through an infinite product

¢(S):§<1H1+1%>




Numerical confirmation

Velocity distribution Scaling function

A third family of solutions does exist



Part lI: General Dimensions



Inelastic collisions

® Normal relative velocity reduced by (0 <r <1

(Vi—vg) n=—-r(uy—uz)-n r=1-2

® Momentum conservation

Vi + Vg = U; + U2 U us
® Energy loss
n

1 —r?
AE — A [(111 — 112) y Il]

® Collision rate

0 Maxwell molecules

K(v1,v2) = [(v1 — va) - n’A A= {1 Hard spheres



Collision rules

® Collision process
(ur,uz) — (v, vo)
® Explicit collision rule for all velocities
vi = u —(1—p)(u; —uy)-nn

Vo = ug—(l—p)(ug—ul)-ﬁfl

® Cascade process

u — (Vl, V2)

® Explicit cascade rules for extremely large velocities
vi = u—(l—p)u-nn

vo = (l—pu-nn



The Boltzmann equation

® Full nonlinear equation

a];EsV) - /// dh duy du|(u1 — us) - A P(ur) P(u2)[5(v = v1) = (v — uy)]

angular integration with uniform measure

® Linear equation for large velocities

8P855V) _ // dfldu|u . ﬁ|>\P(u)[5(v — Vl) _|_5<V _ 7}2) _ 5(V . u>]

® Formulate linear equation for velocity magnitude

P(v) v = |V



Extreme statistics

® Collision process: large velocities Vi — Vo
< e (O

® Stretching parameters related to impact angle

o=(-pleost  f=[1-(1-p)cos’e]"”

® Energy decreases, velocity magnitude increases
a’ + 3% <1 a+ 5 >1

® |inear Boltzmann equation <>E/dn

(‘9};@) :< /\cos/\/29<&d1+/\P (2) | 5d1+/\P (%) _p(v)>>.




Similarity solutions

® Velocity distribution always has power-law tail

P(U) ~y U_O- <(aa—d—A _|_ﬁa—d—)\ L 1) COSA/Q (9> —0

® Characteristic exponent varies with all parameters

1o Fy (A= A$L diA g p) [(2=dtyp (%)
(1—p)o—d=2 - T(9)r(AE

® Range of exponent
1 <o—-—d—)M<2

Dissipation rate is always divergent!

Energy may be finite or infinite B Machin 05



The characteristic exponent 0 (d=2,3)
6

002 04 06 08 1
T

O varies with spatial dimension, collision rules



O O O O O O o

- NS B S R

Monte Carlo simulations

Maxwell molecules (1D, 2D)
infinite energy

10

— theory
—— simulation

3
10
V
theory simulation
2 1.995

3.19520 3.19

A

oNeNeNeNoloNo

® N O oA~ NN

—i
-

Hard spheres (1D, 2D)

finite energy

— theory
— gimulation

d | theory

simulation

1|3

2.994

2 14.14922 4.15




Slmllarlt)’ solution (Maxwell Molecules)

® Temperature follows from full nonlinear equation

2p(1 —
T = T() exp(—)\gt) )\2 — p( y p)
® Substitute similarity form
P(v,t) — eld= DAl (ver) A= D/2

® |nto linear Boltzmann equation

o= (o () (5) - )

® |inear equation for scaling function

M= Do)+ hw () = (o (2) + 5o (%)~ plw) )

ad” \ o 5

® Power-law tail
p(w) ~w



EB, Krapivsky Ol

Characteristic exponent .7

® Velocity distribution always has power-law tail

o)

p(w) ~w™

® Exponent is solution of transcendental equation

(=) 1 (%)

o 1

I (5) I (5) EB, Krapivsky O
® Transparent in terms of stretching parameters

o—d
d

:2F1[

1 —p(1—p)

A(d—1)—o0] ={(a” %4+ 377 -1)

® Energy is finite

Linear analysis for large velocities transparent
(compare small wave number Fourier analysis)



Similarity solutions (A>0)

® Similarity solution
P(v,t) ~ t\d=D/2y (vtl/)‘)

® Scaling function: stretched exponential
p(w) ~ exp (—|w|*)
e Overpopulated (with respect to Maxwellian) tails

Esipov, Poeschel 97
Ernst 97



Summary
* Time dependent solution P(y, ¢) ~ t1/*p (Utl/k>

® Temperature characterizes the distribution, free cooling
® Shape of velocity distribution invariant after suitable rescaling

® Straightforward numerical implementation, questionable relevance to
experiments

e Stationary solution P,(v) ~v™°
® Dissipation rate divergent, energy finite or divergent
® Can be realized using energy injection but only up to large scale
®* Numerically: lottery monte carlo

® Experiment: rare but powerful injection of energetic particles

® Hybrid solution P(fu7 t) ~ P, (v)gb (vtl/)‘)
® Stationary at small scales

® Self-similar at large scales
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